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Existence and exponential stability of solutions for
transmission system with varying delay in R
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ABSTRACT. In the present paper we are going to consider in a one
dimension bounded domain a transmission system with a varying delay.
Under suitable assumptions on the weights of the damping and the
delay terms, we prove the well-possedness and the uniqueness of solution
using the semigroup theory. Also we show the exponential stability by
introducing an appropriate Lyaponov functional.

1. INTRODUCTION

It is well known that the PDEs with time delay have been much studied
during the last years and their results is by now rather developed. See [1],
[5, 6, 7, 14, 17, 18, 19]. In the classical theory of delayed wave equations,
several main parts are joined in a fruitful way, it is very remarkable that the
damped wave equation with varying delays occupies a similar position and
arise in many applied problems.

We consider the transmission problem with a varying delay term,

Ut (T,1) — QUgg (T, 1) + prue (x,t)
+pout (z,t — 7 (1)) = in 2 x (0,+00),
v (2, 1) — bugy (x,8) =0, (z,t) € (Ll,Lg) x (0, +00),
u (0,t) = u(Ls,t) =0,
(1) u(Li,t) :v(Li,t), i:1,2,
auy (Li,t) = bv, (Liyt), i=1,2,
(:C O):uo(l'), ut(x70):u1(x)v T €Q,
(x,t—71(t) = folz,t—7(t), z€Q, t€[0,7],
(2,0) =wvo (z), v (x,0) =v1 (x), x €Ly, Lo,

SESEE

where 0 < L1 < Lo < L3, Q =0, L1[U|La, L3[, a,b, u1, 12 are positive
constants.
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144 EXISTENCE AND EXPONENTIAL STABILITY OF SOLUTIONS

We assume, that there exist positive constants 7y, 7 such that

(2) 0<7To<7(t)<T, Vt>0.
Moreover, we assume that

(3) € W2([0,T]), VT >0,
(4) () <d<1l, Vt>0,

where d is a positive constant.

To motivate our work, let us mention the work [16], when the authors
studied well-posedness and exponential stability of a problem with structural
damping and boundary delay in both cases 4 > 0 and g = 0 in a bounded
and smooth domain, where ks = 0. The analogous problem with boundary
feedback has been introduced and studied by Xu, Yung, Li [19] in one-space
dimension using a fine spectral analysis and in higher space dimension by
the authors [14]. The case of time-varying delay has been already studied
in [15] in one space dimension and in general dimension, with a possibly
degenerate delay, in [16]. Both these papers deal with boundary feedback.

This paper improves the results in [4]; for 7(¢) = 7, under suitable as-
sumptions on the weight of the damping and the weight of the delay, he
prove the existence and the uniqueness of the solution using the semigroup
theory. Also he show the exponential stability of the solution by introducing
a suitable Lyaponov functional..

Without delay, system (1) has been investigated in [3]; for Q = [0, L],
the authors showed the well-posedness and exponential stability of the total
energy. Mufioz Rivera and Oquendo [13] studied the wave propagations over
materials consisting of elastic and viscoelastic components; that is,

(5) prug — Qg = 0, x € ]O,Lo[, t>0,
t

P2V — QaVszy +/ gt —s)vgz(s)ds = 0, z €Ly, L[, t>0,
0

with the boundary and initial conditions:

(6) u(0,t) = wv(L,t), u(Lo,t) =v(Lo,t), t >0,
arug (Lo, t) = aovy (Lo, t) — / g(t—s)v,(s)ds, t >0,
0

where p; and py are densities of the materials and «aq, as are elastic coeffi-
cients and ¢ is positive exponential decaying function. They showed that the
dissipation produced by the viscoelastic part is strong enough to produce an
exponential decay of the solution, no matter how small is its size. Ma and
Oquendo [9] considered transmission problem involving two Euler-Bernoulli
equations modeling the vibrations of a composite beam. By using just one
boundary damping term in the boundary, they showed the global existence
and decay property of the solution. Marzocchi et al [10] investigated a 1-D
semi-linear transmission problem in classical thermoelasticity and showed



S. Zitouni, A. ArRDJOUNI, K. ZENNIR AND R. AMIAR 145

that a combination of the first, second and third energies of the solution de-
cays exponentially to zero, no matter how small the damping subdomain is.
A similar result has sheen shown by Messaoudi and Said-Houari [12], where a
transmission problem in thermoelasticity of type III has been investigated.
See also Marzocchi et al [11] for a multidimensional linear thermoelastic
transmission problem. The effect of the delay in the stability of hyperbolic
systems has been investigated by many people. See for instance [6, 7]. The
aim of this article is to study effect of the varying delay in the stability of
our system.

2. WELL-POSEDNESS

Using the semigroup theory, we prove the existence and uniqueness of
solution of system (1). As in [14], let us introduce the following new variable

(7) 2 pot) =l — 7 (1) ).
Then, we obtain
(8) 7 () ze(z, p,t) + (1= 7' (t) p) 2p(x, p,t) =0, in Qx(0,1) x (0,400).
Therefore, the first equation in problem (1) is become as
Ut (T, 1) — QUgy (2, 1) + prug (x,t)

+uzz(x,1,t) =0, (z,t) € Q x (0,400),
T (t) ze(z, p, t) + (1 — 7' (t) p) 2p(x, p,t) =0, in Qx (0,1) x (0,+00),

which can be written as
{WzA@M
U (0) = (up, vy, u1,v1, fo (,— 7)),

where the operator A(t) is given by

U ¥

v (0
(9) AW | ¢ | = | ottes — pap = p22(, 1) | |

P bvgs

5 T’(t)pflz

7(t) 4

with the domain
(10) D(A(t)) = {(u,v, 0,9, 2)" € H;2(,,0) = p on O},
where
(11) H = X. x L*(Q) x L*(Ly, L) x L*((Q) x (0,1)),

where the space X, is defined by
X, = {(u,v) € H(Q) x H'(L1, Ly) : u(0) = u(L3) = 0,
(12) U(Ll) = U(Li), auz(L,) = b’l)x(Li), /) 1, 2} .
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Remark 2.1. Noting that the domain of D(A)(t) is independent of the time
t; i.e.,

(13) D(A(t)) = D(A(0)), t > 0.
Let
U= (uuv,09,2)" U=(a74572)"
We define the standard inner product in H as follows:

Lo
(U, U>7—L = / {pp + auyiiy tdx + {2 + bvgvy ydx

L
// z(x, p)z(x, p)dpdz.

Using semigroup arguments by the literature, we can obtain a well-posedness
result (see [8]).

Theorem 2.1. Assume that

(i) D(A(0)) is a dense subset of H,

(ii) D(A(t)) = D(A(0)) for all t > 0,

(iii) for all t € [0,T7], A(t) generates a strongly continuous semigroup on
‘H and the family A = {A(¢) : t € [0,T]} is stable with stability
constants C' and m independent of ¢ (i.e. the semigroup (S¢(s))s>0
generated by A(t) satisfies ||Si(s)ully < Ce™||lu||y, for all u € H
and s > 0),

(iv) 04A belongs to L$°([0,T], B(D(A(0)),H)), the space of equivalent
classes of essentially bounded, strongly measurable functions from
[0, T into the set B(D(A(0)), H) of bounded operators from D(.A(0))
into H.

Then, problem (2) has a unique solution U € C([0, T, D(A(0)))NC*([0, T], H)
for any initial datum in D(.A(0)).
Therefore, we will check the above assumptions for system (2).

Lemma 2.1. D(A(0)) is dense in H,

Proof. Let (f,g,91,h1,h2)” € H be orthogonal to all elements of D(A(0)),
that is,

0= ((u,v,9,%,2)", (f.9.91,h1, h2)" ),

Lo
/{3091 + aug fofdr + {Wh + by g, tdx +/ / z, p)ha(z, p)dpdz,

(14)
Y(u,v, 0,0, 2)1 e D(A(0)).
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Taking u =v = ¢ = 7,/} = 0 (then uy = v, =0) and z € D(2 x (0,1)). As
(0,0,0,0, z) € D(A(0)), we obtain

// (x, p)ha(z, p)dpdx = 0.

Since D(€2 x (0,1)) is dense in L2(Q x (0,1)), we deduce that hy = 0.
In the same way, by taking u = v = ¢ = 0 (then u, = v, = 0) and
¢ € D(Ly, Ly). As (0,0,0,¢,0)" ( (0)), we obtain
Lo

Q,Z)hl dxr = 0.
Ly

Since D(L1, Lg) is dense in L?(Ly, Ly), we deduce that h; = 0. Also for
u=v = 0 (then u, = v, =0) and ¢ € D(2) we see that g; = 0. Therefore,
for (u,v) € D (Q x (L1, L2)) (then (uz,vy) € D (Q x (L1, L2))) we obtain

Lo

/ aug fr dr + / bvgg.dx = 0.
Q Ly
Since D (Q x (L1, Lo)) is dense in L?(2x (L1, L)), we deduce that (f;, g.) =

(0,0) then (f,g) = (0,0) because (f,g) € X,. O
Assuming
(15) iy < VT dp.

In order to deduce a well-posedness result, we define on H the time de-
pendent inner product

/ {o@ + augtiy } dzx + {W + bug vy pda

+&T(t // z(x, p)z(x, p)dpdzx,

where £ is the positive constant satisfying

(16) \/“L <E< 2 — 1“2_ -

Note that, from (15), such a constant & exists.

Lemma 2.2. Let ® = (u,v, 9,1, 2)", then
=
27

[t—s

(17) @[] < [|®]se , Vt, s €[0,T],

where d is a positive constant.
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Proof. For all s,t € [0,T], we have

2L ) t—s]
o) — @) 2e (%)

= <1—e(zfdo)'t‘$> </({<,0 +au?})dz + {wQ—i—bvx}da:)

+€<r() r(s)el#s)t- s)// (z, p)dpdz.

We notice that
Moreover

for some d > 0.
Indeed,

where a,b € (s,t), and thus,

() _ 1)
7(s) 7(s)
By (4), 7" is bounded on [0, 7] and therefore, recalling also (2),

d
T g Loy <o
7(s) To

|t_5|7

)

thus
7(t) < = lt— sl

7(s) ~

This complete the proof.
Lemma 2.3. Under condition (16) the operator
(18) Ai(t) = A(t) — ()1,
18 dissipative, and
S A1) € 1250, T], BID(A(0), 1),
where

(19) k(t) = Y T2

Proof. Taking U = (u,v, p,1,2)T € D(A(t)). Then, for a fixed ¢,

L)

<«4(t) ¢,
(0

[SI S S~
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P U
(G v
= ( | auaz — pap — p22(., 1) ©
bz 0
T’(t)p—lz .
() P t

Lo
= /Q{(aum — ey — k22 1)) @ + aprug pdr + g {bvsath + bvg b
-t
— &7 (1) /Q/O szz(x,p)dpdaz.

:a/ cpumd:z:—,ul/ 902dm—,u2/ gpz(.,l)dx+a/ OrpUzdr
Q Q

Lo
+ b/ Vpadx + b wxvx dx — 5/ / 1 —7 zpz(:v, p)dpdz.
L Ly

1

Integrating by parts, we obtain

1
/Q/O (1 — 7 (t) p) sz(x7 p)dpdx
_ T ()

1
22(z, p)dpdx + % /Q {22(2,1) (1 = 7' (1)) — 2*(x,0) } d.

We get

(A@)U,U), :a/ @umxdx—ul/ gonx—,ug/ goz(.,l)dx—i—a/ PrUzpdr
Q Q Q Q

Lo

Lo
+ b/ Vgzphdx + b Yoy dr + g / 2(z,0)dx
Q

57 // ( pdpdx_g(())/g,zQ(x, 1)dx,

by fact that z(z, 0)
(20) {A(H)U,U),

:WWMMﬁﬁMMﬁ—mAﬁM—m/wdﬁm

o6 [ ar- SOSTO) [
21)

(A 0.0), = aluglon + 0loss1 — (1 - 3)/ Gds = [ ol e

_Wfﬂz(xl // (z, p)dp,

2*(x, p)dp,
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Using Young’s inequality, the third condition of (1) and the equality ¢ (Lo) =
¥ (La) ,we obtain

<A<t>U,U>ts—(m—5 2 )/dex

2 2/1-d
(22) _ (5(12_ 9 _ ““21_d> /922(35, V)dz + k (1) (U, U),
where
(7” (t)2 + 1) 2
(23) W (0) =S5

Consequently, using (16), we deduce that
(AU, U), — k() (U,U), <0.
Which means that the operator
At) (t) = A(t) — k() I,

is dissipative.
Moreover,

= _TOTE OO 1)

K (t) = - ,
27(t) (72 + 1)2 27(t)?

is bounded on [0, 7] for all T"> 0 (by (2) and (3) and we have

()7 ()p — 7' @) (T'(H)p = 1)

d
ZAMU = (0,0,0,0, e )7,
with
()7t — ') (' (t)p — 1)
7(t)2 ’
is bounded on [0,7]. Thus
(24) S A1) € 1250, T], BIDLA), H),

the space of equivalence classes of essentially bounded, strongly measurable

functions from [0,7] into B(D(A(0)),H). O
Lemma 2.4. For fired t > 0 and A > 0, the operator \I — A(t) is surjective.

P’I”OOf. Let (f,g,g1,h1,h2)T € 7-[7 we seek U = (u7v7¢7¢7'z)T € D(A(t))
solution of

(AL — A(t))

T Re <
=
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that is verifying

Au— ¢ =,
Av =1 =g,
(25) AP = QUgg + i1 + p22(., 1) = g1,
A — bugy = ha,
/
Az — T(i)('z)lzp = hs.
Suppose that we have found (u,v) with the appropriate regularity. Then
(26) ¢ = du—f,
(27) v = M-—g

It is clear that ¢ € HY(Q) and v € H'(Ly, Ls), furthermore, by (25), we
can find z as z(z,0) = p(z), x € , using the approach as in Nicaise and
Pignotti [14], we obtain, by using the equation in (25)

p
z(x, p) = gp(x)e—ApT(t) +7(t) e P7(t) / ho(z, O.)ekafr(t)dm
0

if 7/(t) = 0, and

T(t) /
2(a,p) = pla)e 7O T
n ex:}(?) In(1—7(t)p) /” ho(x,0)7(t) — T/((tt) In(1— T'(t)o‘)d
o 1-— T’(t)a

otherwise.
By using (25), (26) and (27), the functions u, v satisfy the following equa-
tions

(28) )\2u—aum+,u12(.,0) +H23(.,1) = q +)\f,
(29) Mo —buge = hi+A\g.
Since
1
2o 1) = duem 0 = fem 0 47 (1) e_AT(t)/ ha(z,0)e* ™ do
0

= due MO 4z (x),
with

1
20 (@) = —fe O L7 (1) e_)‘T(t)/ ho(z,0)e*™Ddo, for x € Q,
0

if 7/(t) = 0, and

T(t — T(t) n -
2(x,1) = due’ 70 OO g Ay (A=)

AT 1n(1—7/(4)) /1 ha(z,0)7(t) —AZB m(1—+'(t)o)
T/(t) = ' 7 7 (t)
e o 1—7(t)o c a

g,
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A I In(1—7/(t))

= Aue” 7® + 29 (z), for x € Q,
with
20 (2) = — fe A In(1-r' (1))
L MG IO ) /0 ' hf(f’;g;f) SN =T 00) g
otherwise.

The system (25)-(26) can be reformulated as

fQ ()\2'LL — QUgy + ,U,l)\’u, + )\M2U€_>\T(t)) wdzx
(30) = Jo (1 f + g1 + A — p2z0 (2)) wd,
72 (N0 = buge) Gda = [;2 (h1 + Ag) @z,

for any (w,®) € X,, if 7/(t) = 0, and
(A=7'(t))

9 T(t) In
Jo | Au— auge + pidu + )\uzue () wdz

= Jo (uif + g1+ Mf — p2zo (2)) wdz,
LLf ()\21) — bvm) wdx = fLLf (h1 + \g) wdz,

(31)

otherwise.
Integrating by parts, we obtain

Jo A2+ i d + Aoe ™0 wwda + a [y ugwrdr — a [ugwlyg
(32) = Jo (u1f + 91+ Af — p2zo (2)) wdz,
fLLf Nv@dx + bfLLf VpWidr — b [vx(b]ﬁ = LLf (h1 + \g) wdz,
if 7/(t) = 0, and
(33)
2 AL (1= (1))
Jo [ A2+ mA+ )\,uge (1) uwdz + a [ upwedr — a [uwlyg

. = Jo #lf + g1+ A — pa2zo (w))Lwd:r,
[ Voode +b [ 72 vp@pdr — b [0a@] 7 = 72 (b1 + Ag) @de,

otherwise. The problem (32) and (33) is equivalent to the problem,
(34) O((u, v), (w,@)) = Hw, @),
where the bilinear form @ : (X, x X,) — R and the linear form [ : X, — R
are defined by
o((u,v), (w,w))

= / ()\2 + A + )\pge_’\T(t)> uwdx + a/ Upwardx — a [Uuzw) g
Q Q

Lo Lo
+ / Nowdr + b/ Vplpdr — b [vmw]i2 ,
L1 Ll
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Lo
(w,0) = /Q (1 + g1+ Af — piago (2)) wi + / (hy + Ag) d,

Ly
if 7/(t) = 0, and
P ((u,v), (w,@))
AT t)

/ ()\2 + A+ Apge” 7@ In(1=7'(t ))) uwdr + a/ UpwodT — a [UzW]yo
Q Q

L2 L2
+ / Nowdr + b/ Vp@pdx — b [vxw]ﬁ2 ,
L1 Ll

Lo

(w0, 3) = /Q (1 + 91+ M — pazo (2) wilz + / (h1 + Ag) vde,

otherwise.

Using the properties of the space X, it is clear that ® is continuous and
coercive, and [ is continuous. So applying the Lax-Milgram theorem, we de-
duce that for all (w,®) € X, problem (34) admits a unique solution (u,v) €
X.. It follows from (32) and (33) that (u,v) € {(H?(Q) x H*(L1, L2))NX.}.
In conclusion, we have found U = (u,v, ¢, 1, z)" € D(A(t)), which verifies
(25), and thus (A — A(t)) is surjective for some A > 0 and ¢ > 0. Again as
k (t) > 0, this proves that
(35) M —Ai(t) =(A+k(t) I —A(t), Iissurjective,
for any A > 0 and t > 0. g
Theorem 2.2. The operator A generates a Cy-semigroup on H. For any

Uy € H, the problem (9) possesses a unique weak solution U € C([0, +00),H).
Moreover, if Uy € D(A(0)), then U is a strong solution , i. e

U € C([0,+00), D(A(0))) N CL([0, +00) , H).

Proof. Results (17), (18) and (35) imply that the family A; = {Ai(t) :
t € [0,T]} is a stable family of generators in H with stability constants
independent of t. Therefore, all assumptions of Theorem 2.1 are satisfied by
(13), Lemma2.1-Lemma2.4, and thus, the problem

U = .A1(t)U,
U@0) = U,

has a unique solution U € C([0, 400), D(A(0))) N C1([0, +00),H) for Uy €
D(A(0)). The requested solution of (2) is then given by

U(t) = P00 (),
with B (t fo k(s)ds because
U't)y = w(t)ePV0() +POU @),
U't)y = ()00 +POA0T),
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U'ty = A)ePOU@) = AU ().
This concludes the proof. O

3. STABILITY RESULT

In this section we study the asymptotic behavior of the system (1). For
any regular solution of (1), we give the total energy as
Lo

1 1
E(t) = Z/Sluf(az,t)dqu;/S)ui(a:,t)dx+2/ vi(x,t)dx

Ly
b Lo g t
(36) w3 [Cnarr§ [ [ e s,
2JL, 2 Ja t—7(t)

where ¢ is the positive constant defined by (16). Our next main result reads
as.

Theorem 3.1. Let (u,v) be the solution of (1). Assume that pa > p1 and
o _ L3+ Li— Lo

b 2(Ly — Ly)

Then there exist two positive constants W and w, such that

(38) E(t) < We ™™, Vvt >0.

(37)

To prove Theorem 3.1, we use the following lemmas. First, we will need
an explicit formula of energy derivative. The following energy functional law
holds.

Lemma 3.1. Let (u,v,z) be the solution of (1). Assume that p; > us.
Then we have the inequality

(39) dl;it) < <—M1 + w + g) /Quf(:c,t)d:c

_<5<12‘d) _2\/%)/S)uf(:c,t—7(t))dx.

Proof. From (36) we have

dE (t
1) = a/ up (2, t) gy (T, 1) doe — ,ul/ u?(z,t)d

— [2 /Q ug(x, t)ug (z,t — 7 (1)) dr + a /Q Ugt (T, t)ug(z, t)dx.

where .
Eq(t) = / u?(z, t)dz + a/ u?(z,t)dz.
2 Ja 2 Jo
Using system (2), and integrating by parts, we obtain

dEy(t
1(t) = a/ (2, ) gy (2, ) doe — Ml/ ul(z,t)de
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— Y2 /Q ug(x, t)ug (z,t — 7 (t)) do

+ aluzuilgn — a/ Uz (2, 1) ug (z,t) da.
Q

applying Young’s inequality

(40) dilt(t) < - <,u1—'u221_d>/gu?(m,t)d:x

2\/% ; u? (x,t — 7 (t)) dz + alugui]sq.

On the other hand,
dEs(t

(41) dt( ) = b[vmvt]Lf.
where

1 [k b [P

Ey(t) = / vZ (z,t)dx + / v2(z, t)dx.
2 ), 2 ),

Using the fact that

d t
(42) dt/Q/t—T(t) ul(x, s)dsdx
:/uf(x,t)dx— (17 (t))/uf(:v,t—T(t))dx,
Q

Q

collecting (40), (41), (42), using boundary conditions and applying Young’s
inequality, we show that (39) holds. The proof is complete. O

Following [2], we define the functional

¢
I(t) :// eSTt? (x, 5)dsdz,
Q Jt—7(t)

and state the following lemma.

Lemma 3.2. Let (u,v) be the solution of (2). Then

(43) C“;Sf) < /Quf(x,t)dx—(l—d) e_T/Quf(x,t—T(t))d:U

t
—e_T// ul(z, s)dsd
Q Jt—7(t)

Now, we define the functional D (¢) as follows

Lo
(44) D(t) :/uutdﬂz—}—m/zﬁdx—f—/ vopd.
Q 2 Ja

Ly

Then, we have the following estimate.
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Lemma 3.3. The functional ©(t) satisfies

Lo
o) S—(a—eocg)/ui (z,t)dx —b v2 (z,t) dx
dt Q L
Lo
(45) + / urdx + / v?dx 4 C (eo) [ uf (z,t—7(t))dx.
Q Ly Q

Proof. Taking the derivative of D(¢) with respect to ¢ and using (1), we find
that

Lo Ly
dg(t):/ufdx+/ vfda:a/ui(x,t)dl“b/ vj (2,t) da
dt Q Ly Q L

1
(46) — p2 /Q wuy (z,t — 7 (t)) de + a [uugyq + b [Uvm]ﬁ .
Using the boundary conditions , we have
L
(47) a[uuglyg + b vvs]7 3 = 0.

On the other hand, we have by Poincaré’s and Young’s inequalities,

/Lg/Quut (x,t—T(t))d:cgeo/ﬂu2dx—|—0(eo)/u? (x,t—71(t))dx

Q
< eocg/ uZdz + C(eg) / ul (z,t — 7 (1)) d,
Q Q

where cg is the Poincaé’s constant. Consequently, plugging the above esti-

mates into (46), we find (45). O
Now, inspired by [10], we introduce the functional
- L, x € [0, L],
(48) a(w) = Q@ — B35, z € [La, L],

Srrs (- L)+ &,z e (L, L.

Next, in order to construct the Lyapounov function, we define the functionals
Lo

Li(t) = /Qq(z:)uxutdx, La(t) = / q(z)vzvide.

Ly

Then, we have the following estimates.

Lemma 3.4. For any e2 > 0, we have the estimates
(49)

dLy(t) 2 @ 2
< —
7 C(EQ)/Utd(L‘—F(Q‘i‘GQ)/UIdLL’

+C (e2) /Q (1= (1)) do — $](Ls — La) 2 (L, 1) + Laud (L, 1),
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and
dLo(t) Ly— L3z~ Iy </L 2 ba )
50 < = vidx + bvldz
(50) dt 4(Ly—L1) \Jp, ° L
b
+Z ((Lg — L2) ’U% (Lg, t) + leg (Ll,t)) .

Proof. Taking the derivative of £;(¢) with respect to ¢t and using (1), we
obtain

(51) d£d1t(t) _ /Qq(w)uxtutdﬂfa/QQ(ﬂf)uxum (z,t)dx

+ 1 /Q q(z)uguy (z,t) dz + po /Q q(z)ugus (z,t — 7 (1)) do.

Integrating by parts,

1 1
(52) / q(z)ugpupdr = —2/ q’(x)ufdx + §[Q($)U?]8ﬂ
Q Q
On the other hand,
1 1
(53) / aq(x)uzpuzde = —/ aq (z)uldz + =[aq(z)u?]sq.
0 2 Jo 2
Substituting (52) and (53) in (51), we find that
(54)

acy(t) 1 [, o, 1 2 1/ a2 L 2
22 =5 | d@pdde = Sl + 5 [ ad@)ide  Slaa(e)udlon

+ 1 /Q q(z)uguy (z,t) dz + po /Q q(x)ugu (z,t — 7 (t)) de.

Using Young’s inequality and (48), equation (54) becomes

dLs (1) , a )
< ~
(55) — _0(62)/ﬂutda:+ (2 +62>/Qumda:
1 2

+C(e) [ f (.t =7 (0) do = Sla(oyidlon — 5late)idlon.

Since q(L1) > 0 and ¢(Ls2) < 0, by using the boundary condition, we have
1

(56) Sla@)dlon > 0.
Also, we have
67 ~Slalendlon = -1 (10 2 (Lot

Taking into account (56) and (57), then (55) gives (49).
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By the same method, taking the derivative of Lo(¢) with respect to ¢, we
obtain

(58)
dLo(t L2 L
2() = —/ q(w)vmtvtdx—/ q(x)vpvpde
dt I L1
_1 L2/ Qd 1 L2b, 2d 1 21L9 b 21Lo
=3/, 9 (w)vide + 5 L (w)vzdz — Sla(@)vi]L} — Sla(z)ua]r?
Ly—L3—L L2 L2
<z (/ vidzx +/ bvidm)
4(Ly — L1,) \Ji, L
b
+t1 ((Ls = L) v3 (Lo, t) + L1v3 (L1, t)) -
which is exactly (50). O

We define the Lyapunov functional
(59) L(t) = NE(t) + I1(t) + 729(t) + 13L1(t) +7aL2(),
where N, 2, 73 and 4 are positive constants.

Proof of the Theorem 3.1. Now, it is clear from the boundary conditions,

that
(60) 2k (Liyt) = b*02(Lyyt), i=1,2.

(
Taking the derivative of (59) with respect to ¢ and making use of (39)-(49)
and taking into account (60), we obtain

dizh(f) < {N <—M M2\/1f )+1+72+73C(62)}/52U§(377t)d5”

o +{N <2¢%_6(12_ d)> —(1—d)e”

FyaC (€0) + 75C (€2)) /Q 2 (2t — 7 (1)) da

( —a+ €ocg) +vze2 + 7) / ut (x,t) dx
Q

2 — L3 — Ly, > /L2 2
— v2b vy (z,t) dx
L2 — L3 - L1> /

+ da:

<72 ’74 L2 — L1) L
- a a(Ls— L

T/ / U?(JZ, S)deﬂZ’ - (73 - 7’)/4) Mui (L27t)

Q Jt—7(t) b 4

S L
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At this point, we choose our constants in (61), carefully, such that all the
coefficients in (61) will be negative. Indeed, under the assumption (37), we
can always find 2, 3 and 4 such that

Ly — L3 — Ly a V3
—_— <0 > — —_—.
4(Ls — L) Yt <0 > 2>

Once the above constants are fixed, we may choose €5 and ¢y small enough
such that

(62)

Yococh + y3€2 < @ (72 - %) .

Finally, keeping in mind (2) and choosing N large enough such that the first
and the second coefficients in (61) are negatives.

Consequently, from the above, we deduce that there exist a positive con-
stant 71, such that (61) becomes

63) O /Q (2 (@, t) + 02 (2, 8) + 2 (2, — 7 (1)) da

dt
¢
—m / (vi(z,t) + 2 (z,1)) dz —m / / ul(x, s)dsdz.
Q Q Jt—7(t)

Consequently, recalling (36), we deduce that there exist also 7y > 0, such
that

dg(t)
dt

On the other hand, it is not hard to see that from (59) and for N large

enough, there exist two positive constants 8; and (o such that

(65) BLE(t) < £(t) < B2E(t), Vt>0.

Combining (64) and (65), we deduce that there exists A > 0 for which the
estimate

(64) < —mBE(t), Vt>0.

dg(t
(66) di) < —AL(t), Vt>0,
holds. Integrating (64) over (0,%) once again, then (38) holds. Then, the
proof is complete. O

REFERENCES

[1] C. Abdallah, P. Dorato, J. Benitez-Read and R. Byrne, Delayed positive feedback can
stabilize oscillatory system, in: Proceedings of the 1993 American Control Confer-
ence, pp. 3106-3107, San Francisco, CA, USA, 1993.

[2] K. Ammari, S. Nicaise, C. Pignotti, Feedback boundary stabilization of wave equations
with interior delay, Systems. Cont. Letters, 59: 623-628, 2010.



160

EXISTENCE AND EXPONENTIAL STABILITY OF SOLUTIONS

3l

(4]

5]

[6]

7l

(8]

[

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

W. D. Bastos and C. A. Raposo, Transmission problem for waves with frictional
damping, Electron. J. Differential Equations, Vol. 2007 (2007), No. 60, 1-10.

A. Benseghir, Ezistence and exponential decay of solutions for transmission problems
with delay, Electronic J. Diff. Equ., Vol. 2014 (2014), No. 212, pp. 1-11.

R. Datko, Not all feedback stabilized hyperbolic systems are robust with respect to
small time delays in their feedbacks, STAM J. Control Optim., 26:697-713, 1988.

R. Datko, Two questions concerning the boundary control of certain elastic systems,
J. Differential Equations, 92 (1): 27-44, 1991.

R. Datko, J. Lagnese, M. P. Polis, An example on the effect of time delays in boundary
feedback stabilization of wave equations, SIAM J. Control Optim., 24(1): 152-156,
1986.

T. Kato, Nonlinear semigroups and evolution equations, J. Math. Soc. Japan, 19:508-
520, 1967.

T. F. Ma, H. P. Oquendo, A transmission problem for beams on nonlinear supports,
Bound. Value Probl., pages Art. ID 75107, 14, 2006.

A. Marzocchi, J. E. Munoz Rivera, M. G. Naso, Asymptotic behavior and exponential
stability for a transmission problem in thermoelasticity, Math. Meth. Appl. Sci., 25:
955-980, 2002.

A. Marzocchi, J. E. Mufioz Rivera, M. G. Naso, Transmission problem in thermoe-
lasticity with symmetry, IMA Journal of Appl. Math., 63(1): 23-46, 2002.

S. A. Messaoudi, B. Said-Houari, Energy decay in a transmission problem in ther-
moelasticity of type i3, IMA. J. Appl. Math, 74: 344-360, 2009.

J. E. Mufnioz Rivera, H. P. Oquendo, The transmission problem of viscoelastic waves,
Acta Appl. Math., 62(1): 1-21, 2000.

S. Nicaise, C. Pignotti, Stability and instability results of the wave equation with a
delay term in the boundary or internal feedbacks, SIAM J. Control Optim., 45(5):
1561-1585, 2006.

S. Nicaise, J. Valein and E. Fridman, Stability of the heat and of the wave equations
with boundary time-varying delays, Discrete Contin. Dyn. Syst. Ser. S, 2: 559-581,
2009.

S. Nicaise and C. Pignotti, Interior feedback stabilisations of wave equations with
time dependent delay, Elect. J. Deff. Eq. 41:2011 (2011), 01-20.

S. Nicaise and C. Pignotti, Stabilization of the wave equation with boundary or in-
ternal distributed delay, Differential Integral Equations 21:9-10 (2008), 935-958.



S. Zitouni, A. ArRDJOUNI, K. ZENNIR AND R. AMIAR 161

[18] I. H. Suh and Z. Bien, Use of time delay action in the controller design, IEEE Trans.
Autom. Control 25:3 (1980), 600-603.

[19] C. Q. Xu, S. P. Yung, L. K. Li, Stabilization of the wave system with input delay in
the boundary control, ESAIM: Control Optim. Calc. Var., 12: 770-785, 2006.

SALAH ZITOUNI

DEPARTMENT OF MATHEMATICS AND INFORMATICS
UNIV SOUK AHRAS

P.O. Box 1553, Souk AHRAS, 41000

ALGERIA

E-mail address: zitsala@yahoo.fr

ABDELOUAHEB ARDJOUNI

DEPARTMENT OF MATHEMATICS AND INFORMATICS
UNIV SOUK AHRAS

P.O. Box 1553, Souk AHRAS, 41000

ALGERIA

E-mail address: abd_ardjouni@yahoo.fr

KHALED ZENNIR

DEPARTMENT OF MATHEMATICS

COLLEGE OF SCIENCES AND ARTS
AL-Ras, AL-QAssiM UNIVERSITY
KINGDOM OF SAUDI ARABIA

E-mail address: khaledzennir2@yahoo.com

RACHIDA AMIAR

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCES

UNIV ANNABA

P.O. Box 12, ANNABA 23000

ALGERIA

E-mail address: rrachida_2000@yahoo.fr



